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Two types of quantum measurements, measuring the spins of an entangled pair and attempting to
measure a spin at either of two positions, are analysed dynamically by apparatuses of the Curie-Weiss
type. The outcomes comply with the standard postulates.
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INTRODUCTION
Describing quantum measurements as a joint evolu-
tion between the tested system (S) and the apparatus
(A) is an aim that goes back to the early days of quantum
mechanics [1–4]. Far from being solved, this quest is still
an active area of research, ranging from specific mod-
els to general mechanisms to describe the measurement
process. Recently, the literature on this subject has been
extensively reviewed in Ref. [5], while recent founda-
tional studies in quantum physics can be found in, e.g.,
Refs [6–8].
In this article we focus our attention to the Curie-
Weiss (CW) model for a spin measurement [9]. It allows
a dynamical description of a projective measurement of
a spin system using amagnetic memory, which takes the
role of the apparatus. The probabilities of the different
outcomes of the measurement are then derived through
the common evolution of the spin and the magnetic
memory. The interpretation of the final density matrix
and its connection to the measurement problem [3, 10] was
recently discussed in Refs. [5, 11], this is why here we
shall stick to the standard interpretation.
The present paper deals with several questions in-
volving two CW apparatuses. First, we apply the CW
model to the measurement of a spin projection in an en-
tangled state, and then consider an attempt to measure
a spin projection simultaneously by two spatially sep-
arated apparatuses. The results obtained through the
dynamical equations will turn out to be in agreement
with the standard measurement postulates, giving fur-
ther support for the CW-model as a proper model for a
projective measurement. The intricate situation where
two non-commuting variables are measured simulta-
neously, so that the apparatuses influence each other
through their couplings to the tested system, was con-
sidered by us in Ref. [12].
∗ marti.perarnau@mpq.mpg.de
In section 1 we recall the essentials of the CW model.
In section 2 we apply it to measure a spin projection of
an entangled pair, or measure both partners with two
CW apparatuses. In section 3 we consider a simultane-
ous measurement of a spin projection by two well sepa-
rated apparatuses. We close with a summary.
1. THE CURIE-WEISSMODEL FOR A QUANTUM
MEASUREMENT PROCESS
We start by giving a short explanation of the Curie-
Weiss (CW) model for a measurement process. It was
introduced in [9]; for a detailed description, we refer the
reader to [5]. This model describes the measurement of
the z-component of a spin 12 -system by an apparatus in
the form of a magnetic memory, which starts out as a
paramagnet, but will end up in an up-or-down magne-
tised state (Ising magnet). Due to the macroscopic size
of the apparatus, the purely unitary evolution of SA can
describe a measurement process for the relevant degrees
of freedom, i.e., the establishment of macroscopic robust
correlations between S and A. The post-measurement
state of the spin (up-or-down along the z-axis) is in-
ferred from the sign of the magnetisation (ideal mea-
surement).
A crucial property of any measurement is the pointer
variable, that is, the physical property of A from which
one can infer information about S. In the CW-model,
this role is played by the magnetisation of A. Indeed,
A is represented by a magnet M, a collection of N spins
σˆ
(n)
a (a = x, y, z), in weak thermal contact with a bath B.
The operator for the magnetisation of M is given by,
mˆ =
1
N
N
∑
n=1
σˆ
(n)
z . (1.1)
and m describes the values it can take, viz. −1 ≤ m ≤
1. This pointer variable of A couples to the measured
variable of S, sˆz, as the product
HSA = HSM = −Ngmˆ⊗ sˆz, (1.2)
2with the factor N for convenience, and the coupling
g turned on at the beginning of the measurement and
switched off at the end.
More specifically, the total Hamiltonian of SA can be
decomposed as,
H = HS + HSA + HA = HSM + HM + HMB + HB,
(1.3)
where HS = 0 indicates that the system does not evolve
during the measurement, a condition for its ideality. The
self-Hamiltonian of the magnet reads
HM = −N J2 mˆ
2
2
− N J4 mˆ
4
4
. (1.4)
with J2 ≥ 0 and J4 > 0. Furthermore, B is a bosonic
bath,
HˆB =
N
∑
n=1
∑
a=x,y,z
∑
k
h¯ωk bˆ
†(n)
k,a bˆ
(n)
k,a (1.5)
where bˆ
†(n)
k,a are phonon modes with eigenfrequencies
ωk, which couple independently to each of the N spins
of M,
HˆMB =
√
γ
N
∑
n=1
∑
a=x,y,z
σˆ
(n)
a Bˆ
(n)
a (1.6)
where Bˆ
(n)
a are phonon operators given by:
Bˆ
(n)
a = ∑
k
√
c (ωk)
(
bˆ
(n)
k,a + bˆ
†(n)
k,a
)
. (1.7)
Summarising, A is composed of a magnet M in weak
contact with a bosonic bath, and is coupled to S through
(1.2).
Initially, SMB are uncoupled and described by a ten-
sor product of density matrices,
Dˆ(0) = rˆ(0)⊗ RˆM(0)⊗ RˆB(0) (1.8)
where rˆ(0) is the arbitrary spin state, RˆM(0) is a param-
agnetic state of the magnet,
RˆM =
1
2N
N⊗
n=1
I
(n) (1.9)
expressing that each spin component has probability 12
to be up or down along any chosen axis. This is state is
so that the pointer is initialized at zero, tr
(
RˆMmˆ
)
= 0.
Other possible initial states of M are discussed in [5, 12].
Lastly, the factor RˆB(0) is a thermal state of the bath,
RˆB(0) =
e−βHˆB
ZB . (1.10)
The temperature 1/β is chosen low enough such that the
paramagnetic (m = 0) state is metastable. For J4 > 0
large enough the magnet may undergo a first order
phase transition from the metastable state with m = 0
to either of its stable ferromagnetic states, with mag-
netisation up or down, m → ±mF. The transition will
be triggered during the measurement process. The final
magnetisation ±NmF can be read off, which is the regis-
tration of the measurement.
Now, the evolution of Dˆ(t) is dictated by the
Liouville-von Neumann equation of motion,
ih¯
dDˆ
dt
= [H, Dˆ]. (1.11)
The relevant degrees of freedom are those of the state of
SM, i.e., the measured system and the pointer. Hence,
one is in fact interested in the evolution of the reduced
state of SM,
Dˆ(t) = trBDˆ(t) (1.12)
where Dˆ(t) is the state of SMB. By tracing out the bath,
one can obtain a dissipative equation for the evolution
of SM by using standard open systems techniques ow-
ing to the weak coupling between M and B. One then
obtains the following master equation for the evolution
of SM under its Hamiltonian Hˆ0 = HˆSM + HˆM [5],
dDˆ
dt
− 1
ih¯
[Hˆ0, Dˆ] =
γ
h¯2
∫ t
0
du ∑
n,a
(
K(u)[σˆ
(n)
a (u)Dˆ, σˆ
(n)
a ]
+ K(−u)[σˆ(n)a , Dˆσˆ(n)a (u)]
)
+O(γ2)
(1.13)
where K(u) is the correlation function of the quasi-
Ohmic bath, see ref. [5], and
σˆ
(n)
a (t) = e
iHˆ0t/h¯σˆ
(n)
a e
−iHˆ0t/h¯ (1.14)
is the time-evolution of σˆ
(n)
a under Hˆ0. It is now conve-
nient to expand Dˆ(t) using the basis of the tested spin,
Dˆ(t) = |↑〉〈↑|Rˆ↑↑(t) + |↓〉〈↓|Rˆ↓↓(t)
+ |↑〉〈↓|Rˆ↑↓(t) + |↓〉〈↑|Rˆ↓↑(t). (1.15)
This allows us to decompose the master equation (1.13)
into four equations of motion, which happen to be in-
dependent in this model for ideal projective measure-
ments,
dRˆij
dt
− HˆiRˆij − RˆijHˆj
ih¯
=
=
γ
h¯2
∫ t
0
du ∑
n,a
(
K(u)[σˆ
(n)
a (u)Rˆij, σˆ
(n)
a ]
+ K(−u)[σˆ(n)a , Rˆijσˆ(n)a (u)]
)
+O(γ2) (1.16)
3where Hˆi = −gNsimˆ − 12 N J2mˆ2 − 14N J4mˆ4 and si = ±1
for up or down, respectively. Explicitly, we obtain for
the diagonal elements,
ih¯
dRˆ↑↑
dt
= f (Rˆ↑↑) (1.17)
where f (Rˆ↑↑) stands for the right hand side of (1.16) for
the ↑↑ case, and similarly for Rˆ↓↓. For the off-diagonal
elements we obtain
ih¯
dRˆ↑↓
dt
+ 2NgmˆRˆ↑↓ = f (Rˆ↑↓) (1.18)
In [5], the equations of motion (1.16) are solved. The off-
diagonal terms Rˆ↑↓(t) and Rˆ↓↑(t) first gain phases due
to the interaction g, which at the level of S creates a de-
phasing process. Later, in a time scale governed by 1/γ,
they disappear due to a decoherence process induced
by the thermal bath. The diagonal terms Rˆ↑↑(t), Rˆ↓↓(t)
reach the pointer states due to the combined interaction
of M with S and B. These pointer states are the up-or-
down ferromagnetic states Rˆ⇑, Rˆ⇓, for which m ≈ ±mF
with mF close to but not equal to 1, and associated re-
spectively with an outcome ± h¯2 of the measurement of
sˆz. In conclusion, the final state of S+M indeed takes the
form expected from the postulates [5],
Dˆ(tf) = r↑↑(0)|↑〉〈↑| ⊗ Rˆ⇑ + r↓↓(0)|↓〉〈↓| ⊗ Rˆ⇓. (1.19)
For the purposes of this work, it is enough to have the
form of the equations (1.16) and that of the final state
(1.19).
2. MEASURING A SPIN OF AN ENTANGLED PAIR
In this section we first discuss the CW-model in the
context of a measurement of a spin z-projection of a
maximally entangled state. Next we go on to measure
both spins.
Let a, b denote each of the two spins. Consider then
an EPR state,
|ψ〉 = 1√
2
(|↑a↓b〉+ |↓a↑b〉) (2.1)
which corresponds to the density matrix
rˆ =
1
2
(|↑〉〈↑|a ⊗ |↓〉〈↓|b + |↑〉〈↓|a ⊗ |↓〉〈↑|b
+ |↓〉〈↑|a ⊗ |↑〉〈↓|b + |↓〉〈↓|a ⊗ |↑〉〈↑|b
)
. (2.2)
Imagine now that the two spins are spatially separated,
so that the apparatus only interacts with one of them,
say a. The Hilbert space is: HSa ⊗HA ⊗HSb . The total
Hamiltonian reads,
HˆT = H ⊗ ISb = (HˆM + HˆB + HˆMB + HˆSaA)⊗ ISb .
(2.3)
Let us stress here that the Hamiltonian HˆMB = −Ngmˆ⊗
sˆ
(a)
z is responsible for selecting the preferred basis z of
the measurement.
When tracing out B, the reduced density matrix of the
system at any time t will have the form (since HˆT com-
mutes with sˆz of both particles):
Dˆ(t) =
1
2
(|↑〉〈↑|a ⊗ R↑↑(t)⊗ |↓〉〈↓|b
+|↑〉〈↓|a ⊗ R↑↓(t)⊗ |↓〉〈↑|b + |↓〉〈↑|a ⊗ R↓↑(t)⊗ |↑〉〈↓|b
+|↓〉〈↓|a ⊗ R↓↓(t)⊗ |↑〉〈↑|b) (2.4)
where, Rˆij evolve independently following equations
(1.16). Then, we can directly apply the results of [5],
which imply that R↑↓(t) and R↓↑(t) decay to zero due
to the action of B; furthermore, R↑↑(t) and R↓↓(t) tend
to R⇑ and R⇓ respectively. Hence, the final state takes
the form,
Dˆ(t f ) =
1
2
|↑〉〈↑|a ⊗ R⇑ ⊗ |↓〉〈↓|b
+
1
2
|↓〉〈↓|a ⊗ R⇓ ⊗ |↑〉〈↑|b. (2.5)
From this state, we see that by reading the pointer of
A we can infer the state of the (measured) spin a as
well as the state of spin b, which did not interact with
A. This is exactly the same behaviour that one would
have obtained by applying the standard projective mea-
surement postulates to (2.1). In this sense, we straight-
forwardly see that the CW-model also provides the ex-
pected results by quantummechanics when considering
projective measurements of an entangled state.
2.1. Adding a second Curie-Weiss apparatus
To finalise this section, consider the role of a second,
similar apparatus A’ measuring the z component of a
spin b by an interacting Hamiltonian of the form (1.3)
with HˆMB′ = −Ngmˆ′ ⊗ sˆ(b)z . The needed steps are fully
similar. As expected, such an apparatus would only
confirm the obtained result by the first apparatus (note
that both apparatuses aremeasuring the same spin com-
ponent z), in such a way that the final state would read,
Dˆ(t f ) =
1
2
(
|↑〉〈↑|a ⊗ R⇑ ⊗ |↓〉〈↓|b ⊗ R′⇓
+ |↓〉〈↓|a ⊗ R⇓ ⊗ |↑〉〈↑|b ⊗ R′⇑
)
. (2.6)
For example, when reading off the apparatus of sa, see
(2.5), and finding it up (the first term), one would expect
that if the second apparatus A′ is present, it would pro-
duce a result down, and this is indeed expressed in the
first term of (2.6).
4In popular terms this can be phrased as: Because the
state is entangled, Alice can predict from her measure-
ment what Bob will find in his. This is in no way the
result of “faster than light communication” but merely
an expression of the (quantum) correlations.
3. TRYING TOMEASURE A SPIN SIMULTANEOUSLY
BY TWO LOCALLY SEPARATED DETECTORS
In this section we consider a setting where, in prin-
ciple, S can interact simultaneously with two appara-
tuses – both of them attempting to measure sˆz – located
at two spatially separated positions. It is then clear that
we need to account for the spatial density matrix ρˆ of S.
One detector confined in space
We start by considering a simpler scenario, namely
one apparatus located in a region of a one-dimensional
space R = (a, b). This can be expressed straightfor-
wardly by changing the Hamiltonian (1.3) to,
HT = HA + V(rˆ)⊗ HSA (3.1)
with
V(x) =
{ −k x ∈ R = (a, b)
0 x ∈ R
where R is the union of the regions (−∞, a) and (b,∞).
Clearly, the measurement can only happen when the
spin is in the interval (a, b), that is, when it is close
enough to A. The initial state of the whole system is
then
DˆT(0) =ρˆ(0)⊗ rˆ(0)⊗ RˆM(0)⊗ RˆB(0)
=
∫ ∫
dxdy ρ(x, y; 0)|x〉〈y|rˆ(0)RˆM(0)RˆB(0),
(3.2)
where ρ(x, y; 0) is the spatial part of the density matrix
and the other factors are as before. Since the spatial part
of HT is a piecewise constant in the various regions of
space, we can take for DˆT(t) the form:
DˆT(t) =
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y| ⊗ DˆI(t)
+
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y| ⊗ DˆI I(t)
+
∫
R
dx
∫
R
dy ρ(x, y)|x〉〈y| ⊗ DˆI I I(t)
+
∫
R
dx
∫
R
dy ρ(x, y)|x〉〈y| ⊗ Dˆ†I I I(t). (3.3)
Assuming no other spatial aspects and a constant flux of
particles, ρ(x, y; t) = ρ(x, y; 0) is time-independent and
denoted as ρ(x, y). Now each Dˆi(t) (with i = I, I I, I I I)
will evolve independently. Indeed, if we insert this
Ansatz into the equation of motion,
ih¯
dDˆT
dt
= [HT, Dˆ] = [HA, Dˆ] + [V(rˆ)HSA, Dˆ], (3.4)
we reach for the right hand side,
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y|[HA − kHSA, DˆI ]
+
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y|[HA, DˆI I ] (3.5)
+
∫
R
dx
∫
R
dy ρ(x, y)|x〉〈y|{[HA, DˆI I I ]− kHSADˆI I I}
+ h.c., (3.6)
where in the last term we took account of the fact that in
its integration intervals V(x) = −k and V(y) = 0. This
immediately leads to an uncoupled equation of motion
for each Dˆi(t),
ih¯
dDˆI
dt
= [HA, DˆI ]− k[HSA, DˆI ],
ih¯
dDˆI I
dt
= [HA, DˆI I ],
ih¯
dDˆI I I
dt
= [HA, DˆI I I ]− kHSADˆI I I (3.7)
The first equation of motion accounts for the spin lo-
cated in the region R. Comparing it to (1.11), we see
that we have exactly the same situation except from the
factor −k, which comes from the potential and can be
absorbed in its strength g (without relevant changes for
the process). Therefore, as expected, in this region the
measurement can take place. The second equation of
motion accounts for the spin located outside R. In this
region nothing happens: there is no interaction between
S and A. In this case, we expect A to remain in the initial
state. (It will not concern us that on a much longer scale
time than that of the measurement, A will reach ther-
modynamic equilibrium because of its interaction with
B.)
More interesting is the third equation of motion. It ac-
counts for the spatial coherent terms of the density ma-
trix. We obtain the following equations of motion for its
components Rˆij defined by (1.15):
ih¯
dRˆ↑↓
dt
− kgNmˆRˆ↑↓ = f (Rˆ↑↓), (3.8)
ih¯
dRˆ↑↑
dt
− kgNmˆRˆ↑↑ = f (Rˆ↑↑) (3.9)
and similarly for Rˆ↑↓ and Rˆ↓↓. Regarding the off diag-
onal terms we have the same equations of motion as
(1.18) if we replace −kg → 2g. Therefore, those terms
decay due to a dephasing plus decoherence effect [5].
On the other hand, the diagonal terms have a different
5time evolution from (1.17), and in fact follow exactly the
same evolution as Rˆ↑↓, hence also disappearing.
This consideration confirms that the interference
terms of the density matrix can not be observed by the
pointer, and they die out because of the effect of the
spatially confined apparatuses. Putting everything to-
gether, we can write the remaining terms of the final
state as,
DT(t f ) =
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆ(t f )
+
∫
R
∫
R
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆ(0) (3.10)
with Dˆ(t f ) given in (1.19) and Dˆ(0) just given by rˆ(0)⊗
RˆM(0). At t f , the spin is either in R or in R: If the ap-
paratus clicks, then the spin is there.
Two detectors
Now it is straightforward to extend the considerations
to the scenario where two independent detectors, which
are spatially separated, act on the system. The detectors
are located in R1 and R2, with R1 ∩R2 = Ø and R3 ≡
R−R1 ∪R2. The Hilbert space is Hposition ⊗ Hspin ⊗
HA1 ⊗HA2 with HA1 and HA2 the Hilbert space of the
apparatuses located in R1 and R2 respectively. Then,
following (3.1), we take H as,
HT = H
(1)
A + H
(2)
A +V1(rˆ)⊗H
(1)
SA +V2(rˆ)⊗H
(2)
SA , (3.11)
with
Vi(x) =
{ −k x ∈ Ri
0 x ∈ Ri (i = 1, 2)
The initial state of the system is:
DˆT(0) = ρˆ⊗ rˆ(0)⊗ RˆA1(0)⊗ RˆA2(0)
= ρˆ⊗ rˆ(0)⊗ Rˆ(1)M (0)⊗ Rˆ(1)B (0)⊗ Rˆ(2)M (0)⊗ Rˆ(2)B (0)
(3.12)
We can expand the total state DˆT(t) of S + A1 + A2, as
we did in (3.3), into 9 independent terms (coming from
the 9 possible domains of integration (R1, R2 and R3)
of the double space integrals). From these 9 terms, 3
terms correspond to well a localized density matrix in a
region Ri (i = 1, 2, 3) of space. Four other terms corre-
spond to combinations ofR3 withR1 orR2. All these 7
terms can be worked out as in the previous section. The
remaining two terms contain interference terms that in-
volve the density matrix with the two detectors. They
have the form,
∫
R1
∫
R2
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆint(t) (3.13)
where Dˆint(t) has the form
Dˆint(t) = |↑〉〈↑| ⊗ Rˆ(1)↑↑ ⊗ Rˆ
(2)
↑↑ + |↑〉〈↓| ⊗ Rˆ
(1)
↑↓ ⊗ Rˆ
(2)
↑↓
+ |↓〉〈↑| ⊗ Rˆ(1)↓↑ ⊗ Rˆ
(2)
↓↑ + |↓〉〈↓| ⊗ Rˆ
(1)
↓↓ ⊗ Rˆ
(2)
↓↓
(3.14)
Tracing out the bath and inserting Dˆint(t) in the equa-
tion of motion we reach the following equations of mo-
tion for the reduced matrices Rˆij = trBRˆij,
ih¯
dRˆ
(1)
ij ⊗ Rˆ
(2)
ij
dt
− kNgmˆ(1)Rˆ(1)ij ⊗ Rˆ
(2)
ij −
kNgmˆ(2)Rˆ
(1)
ij ⊗ Rˆ
(2)
ij = f (Rˆ
(1)
ij )⊗ Rˆ
(2)
ij + Rˆ
(1)
ij ⊗ f (Rˆ
(2)
ij )
(3.15)
which leads to an equation for each component,
ih¯
dRˆ
(k)
ij
dt
− kNgmˆRˆ(k)ij = f (Rˆ
(k)
ij ), (3.16)
with k = 1, 2 for each detector. Those equations have the
same form as (3.9), so we expect the interference terms
between the two apparatuses to be physically unobserv-
able and to tend to zero due to the action of the magnets
and their baths [5].
Putting everything together, we keep for the final
state
DT(t f ) =
∫
R1
∫
R1
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆ1(t f )⊗ Dˆ2(0)
+
∫
R2
∫
R2
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆ1(0)⊗ Dˆ2(t f )
+
∫
R3
∫
R3
dxdy ρ(x, y)|x〉〈y| ⊗ Dˆ1(0)⊗ Dˆ2(0)
(3.17)
where Dˆ1 and Dˆ2 stand for the first and secondmeasure-
ment spin apparatus, and Dˆ1(0) represents the appara-
tus in its initial state (when it has not interacted with the
spin) and Dˆ1(t f ) is the apparatus after the spin measure-
ment has taken place. Therefore, given a quantum state
described by a wavefunction and a spin, measuring its
spin with two detectors spatially separated leads to a
truncation of the density matrix (“collapse of the wave-
function” either in one of the detectors or in the outer
region). Although the density matrix formally interacts
with both apparatuses, only one apparatus produces a
result.
In the considered process, the spin and the position
degrees of freedombecome entangled (because of the in-
teraction (3)), and afterwards a measurement of the spin
is carried out. This provokes a “collapse of the wave-
function” in both spin and position space. Note that a
very similar situation was considered in the previous
section, where a measurement of an entangled spin of
two parties allows for inferring the state of both spins.
This is translated here in the sense that the knowledge of
the click (or not click) of the apparatus ascertains us to
say that the system is localized (or not localized) there.
6CONCLUSIONS
The Curie-Weiss model describes a projective mea-
surement of a spin as a physical interaction between the
tested spin and a magnetic memory. Here we have ap-
plied this model to the measurement of an entangled
state, and that of a single spin by two spatially separated
apparatuses. By using previous results in [5], we have
straightforwardly obtained the final state of the spin and
the apparatuses. The corresponding statistics coincide
with those obtained by directly applying the measure-
ment postulates, hence giving further support to the va-
lidity of the CW-model and the postulates alike.
The present work complements a previous study on
the simultaneous measurement of non-commuting ob-
servables [12]. A natural complementary problem ap-
pears in the Stern-Gerlach experiment, where a position
measurement is carried out in order to infer the spin.
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